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Abstract 



X 

We study dimensional reductions of noncommutative electrodynamics on flat 
space which lead to gauge theories of gravitation. For a general class of such reduc- 
tions, we show that the noncommutative gauge fields naturally yield a Weitzenbock 
geometry on spacetime and that the induced diffeomorphism invariant field theory 
can be made equivalent to a teleparallel formulation of gravity which macroscopi- 
cally describes general relativity. The Planck length is determined in this setting 
by the Yang-Mills coupling constant and the noncommutativity scale. The effective 
field theory can also contain higher-curvature and non-local terms which are charac- 
teristic of string theory. Some applications to D-brane dynamics and generalizations 
to include the coupling of ordinary Yang-Mills theory to gravity are also described. 



1 Introduction 



Yang-Mills theory on a flat noncommutative space arises as special decoupling limits of 
string theory JT], 0] and M-theory @, 0]. In string theory it represents the low-energy 
effective field theory induced on D-branes in the presence of a constant background su- 
pergravity 5-field. The inherent non-locality of the interactions in this field theory lead 
to many exotic effects that do not arise in ordinary quantum field theory, and which can 
be attributed to "stringy" properties of the model. It is thereby believed that, as field 
theories, these models can provide an effective description of many of the non-local effects 
in string theory, but within a much simpler setting. As string theory is a candidate for a 
unified quantum theory of the fundamental interactions, and in particular of gravitation, 
it is natural to seek ways to realize this unification in the context of noncommutative 
gauge theories. Gravity has been previously discussed using the framework of noncom- 
mutative geometry in M , while the unification of Einstein gravity and Yang-Mills theory 
is obtained in ]5| from a spectral action defined on an almost-commutative geometry. 
In this paper we will describe a particular way that gravitation can be seen to arise in 
noncommutative Yang-Mills theory on flat space. 

There are several hints that gravitation is naturally contained in the gauge invariant 
dynamics of noncommutative Yang-Mills theory. In || the strong coupling supergravity 
dual of maximally supersymmetric noncommutative Yang-Mills theory in four dimen- 
sions |7j was studied and it was shown that the effective supergravity Hamiltonian has a 
unique zero energy bound state which can be identified with a massless scalar field in four 
dimensions. The ten dimensional supergravity interaction is then of the form of a four 
dimensional graviton exchange interaction and one may therefore identify the Newtonian 
gravitational potential in noncommutative gauge theory. The Planck length is determined 
in this setting by the scale of noncommutativity. Furthermore, noncommutative Yang- 
Mills theory at one-loop level gives rise to long-range forces which can be interpreted as 
gravitational interactions in superstring theory || §. 

At a more fundamental level, general covariance emerges in certain ways from the 
extended symmetry group that noncommutative gauge theories possess. It can be seen 
to emerge from the low-energy limit of a closed string vertex operator algebra as a conse- 
quence of the holomorphic and anti-holomorphic mixing between closed string states (1(J . 
The diffeomorphism group of the target space acts on the vertex operator algebra by inner 
automorphisms and thereby determines a gauge symmetry of the induced noncommutative 
gauge theory. Furthermore, noncommutative Yang-Mills theory can be nonperturbatively 
regularized and studied by means of twisted large N reduced models |H,|0|-II3|. This 



correspondence identifies the noncommutative gauge group as a certain large N limit \TA 
of the unitary Lie group U(iV) which is equivalent to the symplectomorphism group of 



flat space [15]. The noncommutative gauge group can thereby be described as a cer- 
tain deformation of the symplectomorphism group (or equivalently U(oo)) |16[ and the 
noncommutative gauge theory can be regarded as ordinary Yang-Mills theory with this 
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extended, infinite dimensional gauge symmetry group |fL?|] . Other attempts at interpreting 
diffeomorphism invariance in noncommutative Yang-Mills theory using reduced models of 



gauge theory can be found in [18, 19 



These features are all consequences of the fact that noncommutative gauge trans- 
formations mix internal and spacetime symmetries, and are thereby very different from 
ordinary gauge symmetries. In the case of noncommutative Yang-Mills theory on flat 
infinite space, a global translation of the spacetime coordinates can be realized as a lo- 



cal gauge transformation [|13|, p20| , |21| , up to a global symmetry of the field theory. The 
main consequence of this property is that all gauge invariant operators are non-local in 
the sense that their translational invariance requires them to be averaged over spacetime. 
Such constructions are reminescent of general relativity. In addition, the noncommutative 



gauge symmetry allows for extended gauge invariant operators [21 1 which are constructed 



from open Wilson line observables |L2], [L3|, |2^| . These observables exhibit many of the 
"stringy" features of noncommutative gauge theory |21|, |23|. They can also be used to 
construct the appropriate gauge invariant operators that couple noncommutative gauge 



fields on a D-brane to massless closed string modes in flat space [E|J], and thereby yield 



explicit expressions for gauge theory operators dual to bulk supergravity fields in this 
case. 

The fact that the group of global translations is contained in the group of noncom- 
mutative gauge transformations is thereby naturally linked with the suggestion that non- 
commutative Yang-Mills theory may contain gravity. The idea of representing general 
relativity as a gauge theory of some kind is of course an old idea p5|-p8| (See |29| for 



more recent reviews of the gauge theory approaches to gravitation). Such models are 
based on constructing gauge theories with structure groups given by spacetime symmetry 
groups, such as the Poincare group, in such a way that the mixing of gauge and spacetime 
symmetries enables the unambiguous identification of gauge transformations as general 
coordinate transformations. If noncommutative gauge theory is to contain gravitation in 
a gauge invariant dynamical way, then its gauge group should admit a local translational 
symmetry corresponding to general coordinate transformations in flat space. While there 



are general arguments which imply that this is not the case [|16|, [L9fl, it could be that a 
particular reduction of noncommutative gauge theory captures the qualitative manner in 
which noncommutative gauge transformations realize general covariance. In this paper 
we shall discuss one such possibility. We will show how noncommutative U(l) Yang-Mills 
theory on flat space R n x M n can generate a theory of gravitation on R ra . The basic 
observation underlying the construction is that the algebra of functions on M 2n , with Lie 
bracket defined in terms of the deformed product of the noncommutative theory, contains 
the Lie algebra Vect(R n ) of vector fields on R n .0 We show that it is possible to consis- 
tently restrict the noncommutative Yang-Mills fields so as to obtain a local field theory 



1 By diffeomorphism invariance in the following we will mean invariance under the connected diffeo- 
morphism group, i.e. under the Lie algebra Vect(R") of infinitesimal diffeomorphisms. In this paper we 
will not consider any global aspects of the gauge symmetries. 
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whose symmetry group contains diffeomorphism invariance. This construction shows how 
noncommutative gauge symmetries give very natural and explicit realizations of the mix- 
ing of spacetime and internal symmetries required in the old gauge models of gravity. It 
is also reminescent of a noncommutative version of brane world constructions which lo- 
calize ten dimensional supergravity down to four dimensions along some noncommutative 
directions 

Gauge theories whose structure group is the group of translations of spacetime lead 
to teleparallel theories of gravity These models are built via an explicit realization 
of Einstein's principle of absolute parallelism. They are defined by a non-trivial vierbein 
field which can be used to construct a linear connection that carries non- vanishing torsion, 
but is flat. Such a connection defines what is known as a Weitzenbock geometry on space- 
time. The vanishing of the curvature of the connection implies that parallel transport in 
such a geometry is path- independent, and so the geometry yields an absolute parallelism. 
Teleparallelism thereby attributes gravitation to torsion, rather than to curvature as in 
general relativity. This class of gravitational theories is thereby a very natural candi- 
date for the effective noncommutative field theory of gravitation, which is induced on 
flat spacetime. We will see in the following how the gauge fields of the dimensionally 
reduced noncommutative Yang-Mills theory naturally map onto a Weitzenbock structure 
of spacetime. A teleparallel theory of gravity can also be viewed as the zero curvature 
reduction of a Poincare gauge theory p5, |27|, [28| which induces an Einstein-Cartan space- 



time characterized by connections with both non-vanishing torsion and curvature. The 
zero torsion limit of an Einstein-Cartan structure is of course a Riemannian structure and 
is associated with ordinary Einstein general relativity. The Weitzenbock geometry is in 
this sense complementary to the usual Riemannian geometry. More general gauge theories 
of gravitation can be found in From the present point of view then, noncom- 

mutative Yang-Mills theory naturally induces gravitation through a torsioned spacetime, 
and its full unreduced dynamics may induce gravity on the entire spacetime through the 
gauging of some more complicated spacetime group, as in |32[ . 



A teleparallel gauge theory of gravity describes the dynamical content of spacetime 
via a Lagrangian which is quadratic in the torsion tensor T^ v \ of a Cartan connection. 
The most general such Lagrangian is given byi 

C T = J^r^r (n T, uX T^ A + r 2 T, vX + r 3 T»\) , (1.1) 

where is the Newtonian gravitational constant and r*, i = 1,2,3, are arbitrary pa- 
rameters. For generic values of the field theory defined by (|1 . 1|) is diffeomorphism 
invariant, but it is not equivalent to Einstein gravity |^6||. However, one can demand that 



the theory (|1.1|) yield the same results as general relativity in the linearized weak field 
approximation. It may be shown that there is a one-parameter family of Lagrangians of 



2 In this paper an implicit summation over repeated upper and lower indices is always understood, 
except when noted otherwise. 
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the form ( 



0| ), defined by the parametric equation 



2ti+t 2 = 1, r 3 = -l , (1.2) 



which defines a consistent theory that agrees with all known gravitational experiments |3l 
For such parameter values the Lagrangian (|1.1|) represents a physically viable gravitational 



theory which is empirically indistinguishable from general relativity. For the particular 
solution 7"i = |,T2 = | of ( p. .2D , the Lagrangian ( |1 . 1|) coincides, modulo a total diver- 
gence, with the Einstein-Hilbert Lagrangian |28|, |2^, [34[ , and the resulting gauge theory 
is completely equivalent to Einstein gravity at least for macroscopic, spinless matter. In 
addition, the Weitzenbock geometry possesses many salient features which makes it par- 
ticularly well-suited for certain analyses. For instance, it enables a pure tensorial proof 
of the positivity of the energy in general relativity [|35| , it yields a natural introduction 
of Ashtekar variables PS] , and it is the naturally setting in which to study torsion f37| . 



notably at the quantum level, in systems whereby torsion is naturally induced, such as in 
the gravitational coupling to spinor fields. 

In this paper we will show that the dimensional reduction of noncommutative gauge 
theory that we consider contains the Lagrangian (|1.1|) for the particular family of telepar- 
allel theories of gravity defined by r 2 = r 3 . Thus for the solution T\ = — r 2 = 1 of ( |1 . 2|) , 
it contains a macroscopic description of general relativity. Whether or not these latter 
constants really arise is a dynamical issue that must be treated by regarding the dimen- 
sionally reduced noncommutative field theory as an effective theory, induced from string 
theory for example. We shall not address this problem in the present analysis, except 
to present a group theoretical argument for the naturality of this choice of parameters. 
From this result we will determine the gravitational constant in terms of the gauge cou- 
pling constant and the noncommutativity scale. We will also find a host of other possible 
terms in the total Lagrangian which we will attribute to higher-curvature and non-local 
couplings that are characteristic of string theory. Indeed, the particular theory induced 
by the standard, flat space noncommutative Yang-Mills theory on a D-brane is a special 
case of the more general construction. In that case we will find quite naturally that the 
gravitational theory can be invariant only under the volume-preserving coordinate trans- 
formations of spacetime, a fact anticipated from string theoretical considerations. We will 
also describe how the present construction can be generalized to include the coupling of 
gravity to ordinary gauge fields. These results all show that, at the level of the full unre- 
duced Yang-Mills theory, noncommutative gauge symmetry naturally contains gravitation 
and also all other possible commutative gauge theories, at least at the somewhat simplified 
level of dimensional reduction and the principle of absolute parallelism. The constructions 
shed some light on how the full gauge invariant dynamics of noncommutative Yang-Mills 
theory incorporates gravitation. At a more pragmatic level, noncommutative Yang-Mills 
theories give a very natural and systematic way of inducing gauge models of gravity in 
which the mixing between spacetime and internal degrees of freedom is contained in the 
gauge invariant dynamics from the onset. 
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The structure of the remainder of this paper is as follows. In section 2 we describe the 
general model of noncommutative U(l) Yang-Mills theory and its gauge invariant dimen- 
sional reductions. In section 3 we describe a particular family of dimensional reductions 
and compute the induced actions. In section 4 we construct a Weitzenbock structure on 
spacetime from the dimensionally reduced gauge fields, and in section 5 we relate the 
leading low-energy dynamics of the induced Lagrangian to a teleparallel theory of grav- 
ity. In section 6 we specialize the construction to "naive" dimensional reductions and 
describe the natural relationships to D-branes and volume-preserving diffeomorphisms. 
In section 7 we describe the dynamics induced by certain auxilliary fields which are re- 
quired to complete the space of noncommutative gauge fields under the reductions. We 
show that they effectively lead to non-local effects, which are thereby attributed to stringy 
properties of the induced gravitational model. In section 8 we describe how to generalize 
the construction to incorporate ordinary gauge fields coupled to the induced gravity the- 
ory, and in section 9 we conclude with some possible extensions and further analyses of 
the model presented in this paper. An appendix at the end of the paper contains various 
identities which are used to derive quantities in the main text. 



2 Generalized Noncommutative Electrodynamics 

Consider noncommutative U(l) Yang-Mills theory on flat Euclidean space M 2n , whose 
local coordinates are denoted f = (£ A )f =1 . The star-product on the algebra C^iM 271 ) of 
smooth functions /, g : M 2n — > C is defined byi 

/*<?(£) =/(0 (exp A) (2.1) 
where A is the skew-adjoint bi-differential operator 

A^E 9 ^ Cd A ~d B - t B ~$ A ) , (2.2) 

1 A<B V ' 

9 a — 9/d^ A , and Q AB = —Q BA are real- valued deformation parameters of mass dimension 
—2. The star-product is defined such that (|2.1|) is real- valued if the functions / and g are. 
It is associative, noncommutative, and it satisfies the usual Leibniz rule with respect to 
ordinary differentiation. This implies, in the usual way, that the star commutator 

\f,9]*=f*9-9*f (2-3) 

defines a Lie algebra structure on C°°(M. 2n ). In particular, it satisfies the Leibniz rule and 
the Jacobi identity. The star-product of a function with itself can be represented as 

/*/(£) = /(£) («»h A) /(£), (2.4) 

3 Later, when we come to the construction of action functional, we will need to restrict the space 
C°° (R 2 ™ ) to its subalgebra consisting of functions which decay sufficiently fast at infinity. Such restrictions 
can be imposed straightforwardly and so we will not always spell this out explicitly. 
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while the star commutator of two functions is given by 

[/,<?]*(£) = /(£) (2sinhA) g(0 . (2.5) 

Let us consider the space yM. of U(l) gauge fields on E 2n , 

A = A A d£ A , (2.6) 

where Aa £ C°°(1R 2 ") is a real- valued function. Let g C C°°(IR 2ri ) be a linear subalgebra 
of functions, closed under star commutation, which parametrize the infinitesimal, local 
star-gauge transformations defined by 

5 a A A = d A a + e &d a (A A ) , a£g, (2.7) 

where 

ada(/) = [a,f]*, /eC°°(M 2 "), (2.8) 

denotes the adjoint action of the Lie algebra g on C°°(R 2n ). We will require that the space 
yAi is invariant under these transformations. The gauge coupling constant e in (|2.7|) will 



be related later on to the gravitational coupling constant. The gauge transformation 
is defined such that the skew-adjoint covariant derivative 

V A = d A + e &d AA (2.9) 

has the simple transformation property 5 a T>A — eT^AOt- This and the properties of the 
star product imply that the linear map a \— > 8 a is a representation of the Lie algebra g, 

[5a,8f>] = 5 Mii Va,/3eg. (2.10) 

It also implies as usual that the noncommutative field strength tensor, defined by 

Fab= ~(VAV) AD = d A AB-d B A A + e\A A , A B ] , (2.11) 



AB 

transforms homogeneously under star-gauge transformations, 

Sa^AB = ad a (^A B ) . (2.12) 



Let Gab be a flat metric on M 2n . Then, since the star commutator ( |2.5| ) is a total 
derivative, the standard action for noncommutative Yang-Mills theory, defined by 

Incym = \ J d 2n £ v/detG G AA ' G BB ' Tab* F A 'B>{i) , (2.13) 

is trivially gauge invariant. In the following we will consider reductions of noncommutative 
gauge theory on R 2n by imposing certain constraints on the spaces yAi and g and using 
a generalized action of the form 

Incym = \ J d 2n £ W AA ' BB \t)F A B*FA>B>{i) ■ (2.14) 
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Here W AA ' BB ' (£) are tensor weight functions of rank four with the symmetries 

W AA'BB' = W A>ABB> = W AA'B'B = yyBB'AA* _ ^ ^ 

We will require that they transform under star gauge transformations ( |2.7| ) such that the 
action Q2.14| ) is gauge invariant. A sufficient condition for this is 



J d 2n i (S a W AA ' BB '(0 /(£) + W AA ' BB \i) ada(/)(0) = (2.16) 

for all functions a G g, / G C°°{R 2n ) and for each set of indices A,A',B,B'. The 
functions \ty AA ' BB ' generically break the global Lorentz symmetry which is possessed 
by the conventional action ( |2.13| ). They are introduced in order to properly maintain 
gauge invariance and Lorentz invariance in the ensuing dimensional reductions. The 
basic point is that the field strength tensor Tab which appears in fl2.13|) corresponds to 



an irreducible representation, i.e. the rank two antisymmetric representation A 2 (2n), of 
the Lorentz group of IR 2n . This will not be so after dimensional reduction, and the tensor 
densities will essentially enforce the decomposition of the reduced field strengths into 
irreducible representations of the reduced Lorentz group which may then be combined 
into the required singlets. Note that the key to this is that, because of Q2.12j ) and ( [2.16|) , 



each term in (|2.14|) is individually gauge invariant. The condition ( |2.16| ) will be used 
later on to determine an explicit form for the tensor density \y AA ' BB ' ' m terms of the 
noncommutative gauge fields. 

We will also consider the minimal coupling of the noncommutative gauge theory 
( [/?.14| ) to scalar matter fields. The standard method can be generalized in a straight- 
forward manner. We assume that the scalar bosons are described by real-valued functions 
$ G C°°(IR 2n ) which transform under the infinitesimal adjoint action of the star gauge 
symmetry group, 

<5 a $ = ad Q ($) , a G g . (2.17) 
Then, by the usual arguments, the action 

J B = J d 2n i W{£) (G AB V A <&*V B <&(C) + m 2 $*$(0) (2.18) 

is gauge invariant if the scalar density W(£) has the star-gauge transformation property 
J d 2n i (5 a W(0 /(£) + W(0 ad a (/)(0) =0 Va G g , / G C°°(R 2n ) . (2.19) 

R 2n 

Only a single function W is required for the matter part of the action because its Lorentz 
invariance properties will not become an issue in the reduction. Note that the scalar fields 
decouple from the Yang-Mills fields in the commutative limit where all Q AB vanish. 
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3 Dimensional Reduction 



We will now describe a particular reduction of the generic noncommutative Yang-Mills the- 
ory of the previous subsection. We will denote the local coordinates of M 2n by £ = (x^, y a ), 
where //, a = 1, . . . , n, and we break the Lorentz symmetry of IR 2n to the direct product 
of the Lorentz groups of and M™. We will take the noncommutativity parameters to 
be of the block form 

® AB =(Z ID with 9^ = 9^ = 0, (3.1) 



and assume that (9^ b ) is an invertible n x n matrix. The flat metric of IR 2n is taken to be 

GAB =[ v av lab) ^th ^ = ^ = 0, (3.2) 

where (rj^) = (i] ab ) = diag(l, —1, . . . , —1). The vanishing of the diagonal blocks 9^ v will 
be tantamount to the construction of a quantum field theory on a commutative space 
R". The y a can be interpreted as local coordinates on the cotangent bundle of R" (see 
the next section), so that the condition 9 ab = is tantamount to the commutativity 
of the corresponding "momentum" space. The noncommutativity 9 au ,9 flb between the 
coordinate and "momentum" variables will enable the construction of diffeomorphism 
generators via star-commutators below. Having non-vanishing 9^ v would lead to some 
noncommutative field theory, but we shall not consider this possibility here. In fact, 
in that case the noncommutative model only makes sense in string theory p8 |, so that 



keeping 9^ u = allows us to define a quantum field theory in Minkowski signature without 
having to worry about the problems of non-unitarity and non-covariance that plague 
noncommutative field theories on non-Euclidean spacetimes. The bi-differential operator 
( f2.2| ) which defines the star-product is then given by 

A = V a (Xd* a - V a dV) • (3.3) 

Let us consider now the linear subspace g of smooth functions a on R 2n which are 
linear in the coordinates y, 

a(0=a a (x)y a . (3.4) 



Using (|A.4j ) we then find that the star-commutator of any two elements a, (3 G g is given 
by 

[a, /7],(0 = ([a,Pl) a (x)y a , 
([a,/3]*) a (x) = 9" b [(3 b {x) d^a a {x) - a b (x) d^ a (x)] . (3.5) 



9 



Thus g is a Lie algebra with respect to the star-commutator. If we now define the invertible 
map 



g _^ Vect(C) 

a X a = -6^a a ^ (3.6) 

onto the linear space of vector fields on R™, then ( |3.5| ) implies that it defines a represen- 
tation of the Lie algebra g, 

[X a ,X p ] = X M , Va,/3Gg. (3.7) 



This shows that, via the linear isomorphism (|3.6| ), g can be identified with the Lie algebra 
of connected diffeomorphisms of M". 

We now define a corresponding truncation of the space yM. of Yang-Mills fields on 

R 2n by 

A = uj^x) y a dx» + C a {x) dy a . (3.8) 

The reduction (|3.8|) is the minimal consistent reduction which is closed under the action 
of the reduced star-gauge group. It is straightforward to compute the star-gauge transfor- 
mations (|2.7|) of the component fields in (|3.8|) using the identities ( |A.3j ) and ( |A.4|) . One 



thereby checks that the ansatz ( |3.8| ) is consistent, i.e. that the gauge transforms S a with 
gauge functions ([T3|) preserve the subspace of yjvt of Yang-Mills fields of the form ( |3.8| ) , 
and that the "components" of the gauge fields transform as 

5 a uJ^ a = d^ata + e 6 ub (a b d^u^ - d u a a ) , 
S a C a = a a -ed^a^Ca , a e g . (3.9) 



The curvature components ( 2.11 ) of the gauge field ( ^.8| ) are likewise easily computed 
with the result 

^fiua = d^LOua — d„LU^ a + C Q Xh (iil u b d\LU^ a — LO^b d\LO ua ) , 
•7>a = d^Ca — LO^ a — C Q Ub LO^b 3 u C a , 

T ah = 0. (3.10) 

For the scalar fields, the consistent minimal truncation is to functions which are inde- 
pendent of the y coordinates, 

$(O = 0(x). (3.11) 
Using ( |A.3j ) the gauge transformation rule (|2.17 ) then implies 



5 a <j>=-6> M1 a a d fl <t> . (3.12) 
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Under the isomorphism g = Vect(R") generated by ( |3.6| ), we see that the gauge transform 
( |3.12j ) coincides with the standard transformation of a scalar field under infinitesimal 
diffeomorphisms of K™, i.e. with the natural adjoint action 5 a (j) = X a (<p) of Vect(R") on 
C°°(M.™). The gauge covariant derivatives of the truncated fields fl3.11|) are similarly easily 
computed to be 

P a $ = . (3.13) 



It remains to compute the possible action functionals ( 2.14 ) and ( 2.18Q corresponding 



to the above truncation. To arrive at a gauge invariant action on IR™, we make the ansatz 

W^' vv \i) = rT' [r) vv '{w„{x) + 9 Xa w^(x) d a + 6 Xa 9 x ' b w xy {x) d a d b ) 
+ 9 Xa 9 x ' b w^(x)d a d b ] 6^(y) , 
W^ ua \i) = r]^r] ab w c {x) 5 {n) {y) , 

W ^'a^ = Qv'a gXb W M^ ^ g(n) ( y j ? 

W(0 = W<t> (x)5^(y) (3.14) 



for the weight functions. The functions w in ( 3.14|) are smooth functions in C°°( 



and the ansatz ( |3.14|) yields well-defined action functionals over provided that all 
component fields live in an appropriate Schwartz subspace of C°°(M"). The choice (|3.14|) 
of tensor densities represents a "minimal" dimensional reduction which is consistent with 
the reductions of the fields above and which will naturally contain Einstein gravity in a 
particular limit. There are of course many other choices for the functions W AA ' BB ' {£) 
which are possible, and these will lead to different types of diffeomorphism invariant field 
theories. It is essentially here that there is the most freedom involved. We have made the 
choice which will facilitate comparison to previously known results in general relativity 
and in string theory. Due to the structures of the spacetime metric ( |3.2| ), of the field 
strengths (|3.10|) , and the symmetries ( |2.15| ), the remaining components of the tensorial 
weight functions in ( |3.14|) need not be specified. 



The derivative terms 9 Xa d a in ( |3.14|) will have the overall effect of transforming an a 
index of into a A index of R". The two choices of second order ^-derivatives in the 
first line of ( |3.14| ) then correspond to the irreducible decomposition of the reduced field 
strength tensors 9 Xa fl^, ua under the action of the Lorentz group SO(l, n— 1) of R". These 
terms come from the rank two tensor Tab of the original noncommutative Yang-Mills 
theory which corresponds to the irreducible antisymmetric representation A 2 (2n) of the 
Lorentz group SO(l, In — 1). After dimensional reduction, it induces the rank (1, 2) tensor 
9 Xa fl^ U a which corresponds to the decomposable representation 

A 2 (n)®n = n®n©Aj' 2 (n), (3.15) 

with n the defining and Al' 2 (n) the traceless, antisymmetric (1,2) representation of the 
reduced Lorentz group SO(l, n — 1). In other words, the restriction of the antisymmetric 
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rank two representation of the group SO(l, 2n— 1) to its SO(l, n— 1) subgroup is reducible 
and decomposes into irreducible representations according to ( |3.15| ). The reduced Yang- 
Mills Lagrangian should be constructed from Lorentz singlets built out of irreducible 
representations of SO(l, n — 1). This requires the incorporation of the three SO(l, n — 1) 



singlets corresponding to the Clebsch-Gordan decomposition ( |3.15| ). It is achieved by 
summing over the cyclic permutations of the three indices of the reduced field strength 
tensor |34], and will be enforced by the given choice (gig) . 

The gauge transformation rules for the fields in (|3.14 ) can be determined from the 
conditions fl2.16|) and fl2.19| ). Using these constraints it is straightforward to see that, 
for the types of terms appearing in ( 13.14 ), the index contractions specified there are 
essentially unique, in that other choices are either forbidden by star-gauge invariance or 
else they will produce the same local Lagrangian terms in the end. In this sense, the 
"minimal" choice ( |3.14|) is unique and star-gauge invariance forces very rigid constraints 
on the allowed tensor weight functions. The restrictions Q2.16| ) and ( [2.19| ) are satisfied if 
the fields w in (j3.14|) transform as 



d n x (8 a w-s(x) f(x, 0) + w s (x) ad a (f)(x, 0) 
d n x 6^(5 a w^(x) dj(x, 0) + w*(x) 8 a ad Q (/)(x, 0) 
d n x e^e» b (8 a w„ u (x) dM(x, 0) + w„ u (x) d a d b ad a (f)(x, 0) 



d".r. 6» a 6 ub (6 a w^'(x)d a d b f(x } 0)+w%'(x)d a d b ad a (f)(x, 0) 



o, 


(3.16) 


o, 


(3.17) 


o, 


(3.18) 


o, 


(3.19) 



for all smooth functions f(x,y) which are compactly supported on and quadratic in 
the y a, s. The index 5 in (|3.16|) denotes the labels H = ou, C, <ft while H = u, M in (|3.17|) . 

We will solve (|3.16|) - (|3.19|) for the gauge transformations of the functions w appearing 
in ( 3.14Q by demanding that these equations lead to local transforms of the fields w. While 
the non-local integral transforms are required for the distribution-valued densities W on 
IR 2 ™, we will seek a dimensionally reduced field theory in the following which possesses a 
local gauge symmetry. For instance, setting /(£) = f(x) independent of y in ( |3.16|) , using 
( |A.3j ), and integrating by parts over yields the local transforms 

5 a w 3 = -d^(w s e^a a ) , E = u,C,<p. (3.20) 

Setting /(£) = f a (x)y a linear in y in ( |3.17| ), using (|A.4j ), and integrating by parts over 
E" yields 



-d v [w*6 va a a )-0 va w5dpa a , E = co,M. 



(3.21) 



Finally, setting /(^) = f a b(x)y a y b quadratic in y in ( |3.18| ) and ( |3.19 ), using ( |A.(j| ) and 
( p. 20| ) , and integrating by parts over E" gives 



dx (w inJ 9 Xa a 



9 Xa w Xu d^a a -9 Xa w^d u a a 



(3.22) 
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5 a w xx 



fJ,V 



pv 



(3.23) 



It should be stressed that the transforms (|3.20| )- (|3.23|) represent but a single solution of 
the non-local constraint equations (|2.16 ) and ( 2.19|) . We have taken the solutions which 
will directly relate local star-gauge invariance to general covariance in the dimensional 
reduction. 

Using ( |Q|) , ( |OD , (|37TOD and (gig) , the noncommutative Yang-Mills action (gig) 
can now be expressed in terms of a local Lagrangian over the space K." as 



-^NCYM _ J {pw + -^C* + ^Af 



(3.24) 



where 



- n^' Q Xa Q x ' b 
2 ' 



-WcV^^a^ub, 



L c = 

In a similar fashion the reduced scalar field action ( [2.18 ) can be written as 

d x Lfh , 



(3.25) 

(3.26) 
(3.27) 

(3.28) 



where 



l* = \™4> (V v K<> VMM) + m2 <t>' 



(3.29) 



and 



h u tt = %-ed ua u ()a . (3.30) 

In the following sections we will give geometrical interpretations of the field theory (|3.24j) - 
(p.30|) and describe its relations to gravitation. 



4 Induced Spacetime Geometry of Noncommuta- 
tive Gauge Fields 

The remarkable property of the field theory of the previous section is that it is diffeo- 
morphism invariant. This follows from its construction and the isomorphism (|3.6|) , and is 
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solely a consequence of the star-gauge invariance of the original noncommutative Yang- 
Mills theory on M 2n . Precisely, it comes about from the representation ( |3.7|) of the Lie 
algebra fl2.10|) of star-gauge transformations in terms of vector fields on flat infinite space- 
time R™. This means that the various fields induced in the previous section should be 
related in some natural way to the geometry of spacetime. In this section we will show 
how this relationship arises. We have already seen a hint of this diffeomorphism invariance 
in the transformation law (|3.12 ) for the scalar fields, which we have mainly introduced 



in the present context as source fields that probe the induced spacetime geometry. The 
scalar field action (|3.29|) is in fact the easiest place to start making these geometrical as- 
sociations. This analysis will clarify the way that the star-gauge symmetry of Yang-Mills 
theory on noncommutative spacetime is related to the presence of gravitation. 

The coordinates y a generate the algebra C°°(~Ry) and obey the star-commutation re- 
lations 



y\y b 



o . (4.1) 



Under a global coordinate translation x^ i— > x^ + e M , the scalar fields transform infinitesi- 
mally as <j)(x) \— > <f>(x) + e M <9^0(x). Since 

d (t <j>(x) = -(e- 1 ) aii [y a AUx) , (4.2) 

the derivative operator <9 M is an inner derivation of the algebra C°°(1R™ x M") and we 
may identify y a with the holonomic derivative generators — 9^ a of the n-dimensional 
translation group T n of M™. The standard, flat space scalar field action J d n x ~ rf v d^cf) d v (j> 
is invariant under these global translations. Let us now promote the global T n symmetry 
to a local gauge symmetry. This replaces global translations with local translations x M t— > 
x m _l_ e ^(x) of the fiber coordinates of the tangent bundle. It requires, in the usual way, 
the replacement of the derivatives with the covariant derivatives 

V ll = d li + eu IM y a , (4.3) 

where are gauge fields corresponding to the gauging of the translation group, i.e. to 
the replacement of M n by the Lie algebra g of local gauge transformations with gauge 
functions of the type ( |3.4|) . Using the identification ( |4.2|) it then follows that the kinetic 
terms in the scalar field action will be constructed from 

V M = /£d„0, (4.4) 

with h v given by (|3.30| ). The covariance requirement 

5 a {V^)=X^d v (V lt <f>) (4.5) 

is equivalent to the gauge transformation law for the gauge fields in ( j3.9|) . 

The quantities (|3.30|) can thereby be identified with vierbein fields on spacetime, and 



we see that the noncommutative gauge theory has the effect of perturbing the trivial 
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holonomic tetrad fields 5^ of flat space. The noncommutative gauge fields become the 
non-trivial parts of the vierbein fields and create curvature of spacetime. Note that in the 
present formalism there is no real distinction between local spacetime and frame bundle 
indices, because these are intertwined into the structure of the star-gauge group of the 
underlying noncommutative gauge theory through the mixing of internal and spacetime 
symmetries. In other words, the matrix {9^ a ) determines a linear isomorphism between 
the frame and tangent bundles of M™. It is precisely this isomorphism that enables the 
present construction to go through. We note also how naturally the identification (|4.2|) 
of the spacetime translational symmetry as an internal gauge symmetry arises from the 
point of view of the original noncommutative Yang-Mills theory on M 2n . Using (|3.6|) and 



1|) we see that the identification of (|3.30|) as a vierbein field is consistent with its gauge 
transform 



6 a hl = X*dxhl-hld>XZ (4.6) 

which coincides with the anticipated behaviour under infinitesimal diffeomorphisms of R™. 
The condition ( [4.6|) is identical to the transformation law that one obtains from (|3.12|) 
and the homogeneous transformation law (|4.5| ) for the covariant derivatives ( |4.4|) . Note 
that behaves as a vector under general coordinate transformations with respect to its 
upper index. As we will discuss in the next section, it is a vector under local Lorentz 
transformations with respect to its lower index. 

We can now recognize the gauge transformation ( |3.20|) as the infinitesimal diffeomor- 
phism of a scalar density.! Using fl4.6|) this condition can thereby be used to uniquely fix, 
up to a constant, the functions in terms of the noncommutative gauge fields, and we 



9= det(5) , E = u,C,<f>, (4.7) 



where are arbitrary constants. Similarly, the condition ( |3.21j ) specifies that the func- 
tions uc are vector densities with respect to the connected diffeomorphism group of M™, 
and from (|4.6|) we may write 

Ch H; V, det (/if) = Cs det (/if) H v v , &X , E — u,M, (4.8) 



where are arbitrary constants. Here are the inverse vierbein fields which are defined 
by the conditions 

HiK = h*H» x = 6;. (4.9) 



For the function w,p the condition (3.2C) may also be naturally deduced from ( 3.1 2| ) and by demanding 



that the mass term of the Lagrangian ( 3.29| ) be invariant up to a total derivative under infinitesimal 
diffeomorphisms . 

5 Note that det(h^) = det(g M „)| is the Jacobian of the frame bundle transformation <9 M i— * V M , 
where g^ v = i]^> v > W is the Riemannian metric induced by the vierbein fields. 
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They are thereby determined explicitly in terms of the noncommutative gauge fields as 
the perturbation series 



v 



k=2 



Mfe-life 



and they possess the infinitesimal gauge transformation property 

8 a H* = -X* d x H£ - H£ d u Xl . 



Finally, we come to the rank two tensor densities. From ( |3.22| ) we may identify 

«V = Xo det (h%) v,' H$ H V J , 
while from ( |3.23 ) we have 

Xn det«,) ^ Hi' , 



w 



XX 

(J.U 



(4.10) 



(4.11) 



(4.12) 



(4.13) 



with xo an d Xn arbitrary constants. As we shall see shortly, the tensor density Q4.12 



is 



associated with the antisymmetric part of the Clebsch-Gordan decomposition (|3.15f) while 
( |4.13 ) is associated with the conjugate vector parts. 

We see therefore that all fields of the previous section can be fixed in terms of gauge 
fields of the dimensionally reduced noncommutative Yang-Mills theory. All of the natural 
geometrical objects of spacetime are encoded into the noncommutative gauge fields. Let 
us now consider the structure of the reduced field strength tensor. From the form of the 
Lagrangian ( |3.25| ), and of the weight functions (|4.7|) , (|4.^) , ( |4.12j ) and ( |4.13|) , it follows 
that the natural objects to consider are the contractions 



T, 



-e9 Xa H x ,Q 



X' J L tiva 



X' 



(4.14) 



with V M = h}i d^i . From ( |4.6| ) and ( |4.11| ) it follows that the curvatures (|4.14|) obey the 
homogeneous gauge transformation laws 



S a T. 



X? d y T„ x 



- fJIV 



(4.15) 



From ( [4.15 ) one can check directly that each term in the Lagrangian ( 3.25Q is invariant 
up to a total derivative under star-gauge transformations, as they should be by construc- 
tion. From ( 3.101) and ( |3.30|) it follows that the curvature ([4. 14j) naturally arises as the 
commutation coefficients in the closure of the commutator of covariant derivatives to a 
Lie algebra with respect to the given orthonormal basis of the frame bundle, 



T.., A V A 



(4.16) 



The operators V M thereby define a non-holonomic basis of the tangent bundle with non- 
holonomicity given by the noncommutative field strength tensor. The change of basis 
V M = h" d u between the coordinate and non-coordinate frames is defined by the noncom- 
mutative gauge field. 
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The commutation relation ([4.16 ) identifies T x , or equivalently the noncommutative 
gauge field strengths VL^a, as the torsion tensor fields of vacuum spacetime induced by the 
presence of a gravitational field. The non-trivial tetrad field ( |3.30| ) induces a teleparallel 
structure on spacetime through the Weitzenbock connection 

^ v = H x vX ■ (4-17) 



The connection (|4.17|) satisfies the absolute parallelism condition 



D M (£)^ = V^-£j>$, = 0, (4.18) 

where D M (E) is the Weitzenbock covariant derivative. This means that the vierbein fields 
define a mutually parallel system of local vector fields in the tangent spaces of R™ with 
respect to the tangent bundle geometry induced by E^. The Weitzenbock connection has 
non-trivial torsion given by (|4. 14|) , 



V = S ^- E ^> (4.19) 

but vanishing curvature, 

< V (E) = V M X#„ - V„X#„ + E x v - Zi E A M = . (4.20) 

The teleparallel structure is related to a Riemannian structure on spacetime through 
the identity 

E^ = 1%, + , (4.21) 

where 

rj, = v^v aa 'H^H^(K'dX' + hidX'-hidyK'-h^dyh^) 

+ H*dX' + H X x ,d u h x ; (4.22) 
is the torsion-free Levi-Civita connection of the tangent bundle, and 

V = \ (»W if* H x H x ', + W rj™' H x H x ; T x * - T^) (4.23) 

is the contorsion tensor. The torsion T^ u x measures the noncommutativity of displace- 
ments of points in the flat spacetime It is dual to the Riemann curvature tensor 
which measures the noncommutativity of vector displacements in a curved spacetime. 
This follows from the identities (|4.20| ) and (|4.21 ) which yield the relationship 



pA 4 (~p\ f) pA 4 ' f) pA 4 ' I pA 1 pA pA 4 pA 

n - iy'nu\ L ) — U V L v'v u v l v'ft ' A^t v f u 1 \u 1 v'/i 

= D,(r)K^'-D M (r)^/ + K^^/-^K/ (4.24) 

between the usual Riemann curvature tensor R^ v , (T) and the torsion tensor. Here D„(r) 

is the Riemannian covariant derivative constructed from the Levi-Civita connection ( f4.22p , 
whose action on the contorsion tensor is given by 

D„(r) = d v K v i + Ti K v x + I* „ Kj . (4.25) 
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We see therefore that the dimensionally reduced noncommutative gauge theory of the 
previous section gives a very natural model of a flat spacetime with a given class of metrics 
carrying torsion, and with gauge field strengths corresponding to the generic anholonomity 
of a given local orthonormal frame of the tangent bundle of R". It is precisely in this way 
that the noncommutative gauge theory on flat spacetime can induce a model of curved 
spacetime with torsion-free metric, i.e. it induces a teleparallel Weitzenbock geometry 
on R™ which is characterized by a metric-compatible connection possessing vanishing 
curvature but non- vanishing torsion and which serves as a measure of the intensity of the 
gravitational field. The teleparallel structure naturally induces a Riemannian geometry 
on spacetime, with curvature determined by the noncommutative field strength tensor. 
As we have mentioned before, it is very natural that in a noncommutative gauge theory, 
wherein global translations can be represented by inner automorphisms of the algebra 
of functions on spacetime, the translation group T n be represented as an internal gauge 
symmetry group. In the ensuing dimensional reduction it thereby becomes a genuine, local 
spacetime symmetry of the field theory. The identification of the gauge field strengths with 
torsion tensors is then also very natural, given the noncommutativity of the spacetime 
coordinates and the fact that in noncommutative geometry the star-product only yields 
a projective representation of the translation group T n with cocycle determined by the 
noncommutativity parameters Q AB [16|. 



5 Gravitation in Noncommutative Yang-Mills The- 
ory 

We will now describe precisely how the diffeomorphism-invariant gauge field theory ( |3.24j )- 
( p.27p is related to gravity in n dimensions. For this, we use the arbitrariness in the 
component weight functions to set the higher derivative terms, i.e. the second and third 
lines of the Lagrangian ( 3.25 ) to zero, p w = = 0. These terms represent higher 
energy contributions to the field theory which admit a rather natural string theoretical 
interpretation that we will describe in the next section. Furthermore, we will see in 
section 7 that the Lagrangian ( p.26| , |3.27|) for the auxilliary gauge fields C a (x) induces 



non-local interaction terms for the gravitational gauge fields to^ai and so also do not 



contribute to the low-energy dynamics of the field theory ( |3.24 ). We will therefore also 
set p c = Cm = 0. 

The low-energy dynamics of the dimensionally reduced noncommutative gauge theory 
is thereby described by the Lagrangian 



det (hi) rT' [2xo /T' Vxx> + X 



rp u rp l> , rp V 
\iV fl'v 1 ' [IV 



rp V 

i / 1 V 



(5.1) 



The constant Xo multiplies the torsion terms that arise from the irreducible representation 
A 1,2 (n) in ( p,15| ), while the terms involving Xn come from the conjugate vector summands 



n. The Lagrangian ( |5.1|) belongs to the one-parameter family of teleparallel Lagrangians 
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( |1 . 1| , |1 . 2| ) which describe physically viable gravitational models, provided that the weight 
couplings obey 



Xn = -2xo 



(5.2) 



The choice of constants fl5.2p as they appear in ( |5.1p is quite natural from the point 
of view of the symmetries of the Clebsch-Gordan decomposition ( |3.15| ). In this case, 
the Lagrangian ( |5.1|) represents a gravitational theory for macroscopic matter which is 
observationally indistinguishable from ordinary general relativity. 

This identification can be used to determine the Planck scale of the induced gravita- 
tional model (|5.1|) . For this, we note that with the choice of weight functions ( |3.14|) the 



fields uj^a have mass dimension | and the Yang-Mills coupling constant e has mass dimen- 
sion 2 — |. In the gauge whereby the geometry is expanded around flat spacetime, as in 
( p.30| ), the non-trivial parts of the vierbein fields should assume the form kB^, where k is 
the Planck scale and the translational gauge fields B^ have mass dimension f — 1 [26, |27] . 



To compare this with the perturbation e 9 va uo^ a of the trivial tetrad field in fl3.30| ), we in- 



troduce the dimensionless noncommutativity parameters 8^ a = 9^ a /[ det(# M ' a ')| 1//n , which 
as discussed in the previous section should be thought of, within the noncommutative 
geometry, as a tensor mapping translation group valued quantities to quantities in the 
fiber spaces of the frame bundle. By comparing mass dimensions we see that we should 
then properly identify 



det (> v ) 



l/2n 



fia 



(5.3) 



Note that the Yang-Mills coupling constant itself cannot be used to compensate dimen- 
sions, for instance in n = 4 dimensions e is dimensionless. Using ( |3.1| ), the Planck scale of 
n- dimensional spacetime is therefore given in terms of e and the noncommutativity scale 

as 



16ttGV 



Pfaff 



\AB 



l/2n 



(5.4) 



Comparing (|5~T| , |5T^ ) and then fixes the mass dimension 2 weight constant Xo to be 



Xo 



Pfaff (0 AB ) 



-l/n 



(5.5) 



The induced gravitational constant ( |5.4| ) vanishes in the commutative limit and agrees 
with that found in using the supergravity dual of noncommutative Yang-Mills theory 
in four dimensions. 

Let us now compare the low-energy field theory that we have obtained to standard 
general relativity. By using the relation ( |4.21| ) , the Lagrangian 



L GR = f det (ht) 



m VV ' rn rp \ rp X rp V rpv'_, L rpv'rpV 



(5.6) 
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can be expressed in terms of the Levi-Civita connection alone. By using ( |5.4| , |5.5| ), 
along with ( |4.23| ) and (|4.24|) to deduce the geometrical identity 

= if* ( V T^S - \ T/ v , - \ rf»' f]\\i Tj 

+d u K^ + K^H°'d„h^ , (5.7) 

the Lagrangian ( |5.6| ) can be rewritten, up to a total divergence, as the standard Einstein- 
Hilbert Lagrangian 



\— det (hi) R(T) (5i 



16ttG 

in the first-order Palatini formalism. The Lagrangian ( |5.6| ) defines the teleparallel for- 
mulation of general relativity, and it is completely equivalent to Einstein gravity in the 
absence of spinning matter fields. 

The main invariance property of the particular combination of torsion tensor fields in 
(xB) is its behaviour under a local change of frame V M . This can be represented as a local 



Lorentz tranformation of the vierbein fields 



5^H^x) = -A£(x) H? (x) , (5.9) 

where A^, (x) are locally infinitesimal elements of SO(l,n — 1). Under ( |5.9[ ) the torsion 
tensor ( |4.14[ ) transforms as 



S^T^ = d,A x u - d u A* , (5.10) 

from which it can be shown that the Lagrangian Q5.6| ) changes by a total derivative under a 
local change of frame (EBl . The gauge field theory defined by (|5.6|) is thereby independent 



of the choice of basis of the tangent bundle used, and in particular of the decomposition 
( p.30|) which selects a gauge choice for the vierbein fields corresponding to a background 
perturbation of flat spacetime. The field equations derived from (|5.6| ) will then uniquely 
determine the spacetime geometry and hence the orthonormal teleparallel frame up to a 
global Lorentz transformation. In fact, the Einstein-Hilbert Lagrangian defines the unique 
teleparallel gravitational theory which possesses this local Lorentz invariance ||26| . 

The Lagrangian ( |5.1| ), on the other hand, is only invariant under global Lorentz trans- 
formations. This owes to the fact that the original noncommutative gauge theory on 
IR 2 " is only invariant under a flat space Lorentz group, and in the dimensional reduction 
only the translational subgroup of the full Poincare group is gauged to a local symmetry. 
The reduced gauge theory is thereby a dynamical theory of the prefered orthonormal 
teleparallel frames in which the connection coefficients vanish and the torsion tensor has 



the simple form ( 4.14 ). The frame V M is then specified only modulo some local Lorentz 
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transformation and the parallelism is not uniquely determined. The gravitational model 
is therefore ambiguous because there is a whole gauge equivalence class of geometries 
representing the same physics. Nevertheless, with the choice of parameters ( |5.2| , [5.5| ), the 
Lagrangian ( |5.1| ) lies in the one-parameter family of teleparallel theories ( |1.1| , |1.2| ) which 
pass all observational and theoretical tests of Einstein gravity. We use this criterion to 
fix the arbitrary constants of the gravitational model whose presence effectively 

encodes the long distance effects of the internal space K. 



6 D-Branes and Volume Preserving Diffeomorphisms 

To understand what the higher derivative terms in the Lagrangian fl3.25| ) represent, we 
return to the standard action ( p. 13 ) for noncommutative Yang- Mills theory on M 2n . This 
is the action that is induced on a flat D(2n — l)-brane in flat space and in the presence of 
a constant background 5-field. We can now examine the "naive" dimensional reduction 
of this action to an n-dimensional submanifold K.™ C M 2n . Such a submanifold could 
correspond, for example, to the embedding of a flat D(n — l)-brane inside the D(2n — 1)- 
brane with a transverse 5-field, which realizes the D(n — l)-brane as a noncommutative 
soliton in the worldvolume of the D(2n — l)-brane ||39|| . The reduced action is then given 
by 

'ncym = Y Y i I dn% ° AA ' GBB ' Fab * T A ,»{x, 0) , (6.1) 

where vol,, is the volume of the transverse space. Note that in this reduction the mass 
dimension of the Yang-Mills coupling constant e is 2 — n. 

Within the general formalism of section 3, it follows that we should choose all w~, = 
vo\ y , while u>" = w^ u = wff = 0. The field theory ( |3.24|) is then given by the local 
Lagrangian 



vul ' \ vv ' dx (K v) d A h °> T ^ : ) - e2 ^ ^ ^'A ■ ^ 



y_ 

2e 2 



However, in order for (^2) to define a diffeomorphism invariant field theory, we still need 
to satisfy the star-gauge invariance conditions ( |2.16| ). While the transforms are trivially 
satisfied of course for the vanishing w's, the constraint (|3.20|) for constant w-~ imposes the 
restriction 

d»X» = (6.3) 

on the types of diffeomorphisms which can be used for star-gauge transformations. This 
means that the map (|3.6|) is not surjective and its image consists of only volume preserv- 
ing diffeomorphisms. This is expected from the fact that the component functions of the 
weight densities are constant, so that the only diffeomorphism invariance that one can 
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obtain in this case are the coordinate transformations that leave the flat volume element 
of R™ invariant, i.e. those which are isometries of the flat Minkowski metric rj^ and 
thereby infinitesimally satisfy ( |6.3| ). Thus, in the D-brane interpretation of the dimen- 
sional reduction presented in this paper, star-gauge invariance acts to partially gauge fix 
the diffeomorphism group of spacetime. One arrives at not a full theory of gravity, but 
rather one which is only invariant under the subgroup consisting of volume preserving 
diffeomorphisms. This subgroup arises as the residual symmetry of the field theory that 
remains after the gauge-fixing. 

Generally, volume preserving diffeomorphisms constitute the symmetry group which 



reflects the spacetime noncommutativity that arises in D-brane models [40|. For instance 



they arise as the dynamical degree of freedom in matrix models [f|l|] which comes from the 



discretization of the residual gauge symmetry of the 11-dimensional supermembranc |42 | . 
They also appear as the residual symmetry after light-cone gauge fixing in p-brane the- 
ories fi5fl , and they naturally constitute the Lie algebra of star-gauge transformations 



in noncommutative Yang-Mills theory on flat spacetime [TO. Here we have tied them 



in with the dynamics of D-branes through the effective, higher-derivative gravitational 
theories (|6.2|) that are induced in the dimensional reduction. Another way to see that 
general covariance in the usual noncommutative gauge theories is only consistent with 
volume preserving symmetries is by noting the infinitesimal coordinate transformation 
5 a x^ = X£(x) implies that the noncommutativity parameters 8^ a = [x >M ,y a } ir must trans- 
form under gauge transformations as 

5J^ = [X^y% = 9» a d v X» . (6.4) 

Requiring that the noncommutative gauge symmetries preserve the supergravity back- 
ground on the D-branes sets fl6.4| ) to zero, which also leads to the isometry constraint 
above. This constraint further ensures that the tensor 9^ a defines a global isomorphism 
between the frame and tangent bundles, as is required in the construction of this paper. 

The higher derivative terms in the action (|3.25| ) can thereby be thought of as "stringy" 
corrections to the teleparallel gravity theory. It is tempting to speculate that they are 
related to the higher-curvature couplings that arise in effective supergravity actions. It is 
a curious fact that in this interpretation one does not arrive at an Einstein-like theory of 
gravity on the D-brane. This induced brane gravity deserves to be better understood, and 
most notably how the analysis of this section and the previous one relates to the large 
N supergravity results which demonstrate the existence of conventional gravitation in 
noncommutative gauge theory |J. The dimensional reductions of section 5 could indeed 
be related to the way that the Newtonian gravitational potential arises from a Randall- 
Sundrum type localization on anti-de Sitter space. Indeed, it would be interesting to 
understand whether or not the generalized class of noncommutative gauge theories (|2.14|) 



arises as an effective field theory of strings in some limit, or if the dimensional reductions 
follow from some sort of dynamical symmetry breaking mechanism in the noncommutative 
quantum field theory. This would presumably fix all free parameters of the induced 
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gravitational theory ( |3.24j) . 



7 Role of the Auxilliary Fields 



The most important ingredient missing from the induced gravity model of section 5 is local 
Lorentz invariance. This somewhat undesirable feature owes to the indistinguishability 
within the present formalism between spacetime and frame indices. It is in fact quite 
natural from the point of view of the original noncommutative gauge theory, whereby the 
star-gauge symmetry allows the gauging of the translation group but is independent of 
the invariance of the field theory under global SO(l,2n — 1) transformations. We may 
expect, however, that local Lorentz symmetry is restored in some complicated dynamical 
way in the reduced noncommutative gauge theory, such that the effective gauge theory 
contains general relativity. This problem is addressed in fl9j in the context of reduced 
models. In this section we will briefly describe some potential steps in this direction. 

The natural place to look for the extra terms required to make the Lagrangian (|5.1|) 
invariant under local frame rotations is in the terms involving the auxilliary "internal" 
gauge fields C a (x), whose role in the induced gravitational theory has thus far been ig- 
nored. They represent the components of the noncommutative gauge field in the internal 
directions, along which lies the coordinate basis y a defining the generators of the trans- 
lation group T ra that is used in the gauging prescription. They thereby represent natural 
candidates to induce the necessary terms that instate the frame basis independence of the 
diffeomorphism invariant field theory of section 5. Note that these fields cannot be set 
to zero because of their gauge transformation law in ( |3.9| ). They therefore constitute an 
intrinsic dynamical ingredient of the induced gravity model. 

The variation of the Lagrangian L c + L M given by (|3.10|) , (|3.26|) , (|3.27|) , Q4.71 ) and 
~JD with respect to the auxilliary gauge fields C a (x) yields the field equation 

■ ab nc b (x) = J\x) , (7.1) 



V 



where we have introduced the second order linear differential operator 

□ = p c rT [(d x h*) V v + (VX) H\ + h( (v X) V, + K V, d> 
and the fields 



(7.2) 



r 



V^{ P cV ab 



/j,b<J\i 



+ C f 9>* [Hi Tj (V A ^;) (^<) + Hf, H$ Tj (v A /#) (vX«) 

+ ^ V, (4, Tj") (d x h$ + h\„ Tj" V, (H( d x h^} } . (7.3) 

Substituting the solution of ( |7. 1| ) for the fields C a (x) into the Lagrangian L C + L M thereby 
yields the non-local effective Lagrangian 

1 .„ 1 



L 



eff 



det hZ 



Tb , Pc fiis ab 

2 ,»u- U J + 2 



Vab J a ~J + — TT n~ U vh 
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(7.4) 



Note that in the case pc = 0, the auxilliary fields are Lagrange multipliers which enforce 
a geometric constraint given by setting the fields (|7.3| ) identically equal to zero. 

By performing a gradient expansion of the operator El"" 1 , we can now study the deriva- 
tive expansion of the effective Lagrangian (7~4"). Higherderivative terms can be attributed 



to stringy corrections, as they were in the previous section. The leading order terms may 
then lead to the appropriate additions of terms to the Lagrangian ( |5.1| ) which makes it 
invariant under local Lorentz transformations. However, generically the Lagrangian (|7.4j) 
will also contain infinitely many higher derivative terms and so a minimal, low-energy 
model is not strictly speaking attainable with this reasoning. In fact, one can simply set 
the constants pc = Cm — and completely ignore the non-local contributions from the 
auxilliary fields. Their inclusion represents the possibility of obtaining a gravitational 
field theory which is completely equivalent to general relativity, at least on a macroscopic 
scale. This possibility deserves further investigation. 



8 Coupling Gauge Theory and Gravity 



For gauge functions of the form fl3.4|) , we have used a principle of "minimal consistent 
reduction" to fix the fields that arise in the induced gravitational theory. This led to the 
choice ( p.8|) involving the gauge fields o> Ma which induced the non-trivial part of the tetrad 
fields of the induced spacetime geometry, and the auxilliary fields C a . It is possible to 
consider more general Lie algebras g other than the minimal one consisting of the gauge 
functions ( |3.4| ). For instance, it is possible to define a(£) with a piece a'°)(i) which is 
independent of the y coordinates, 

a(f) = a ( -°\x)+a a (x)y a . (8.1) 

Again g is a Lie algebra with respect to the star-commutator, with "component" functions 
QT5D and 

([a,l3l) { °\x) = 6» a [(3 a (x) dpOpXx) - a a (x) d^\x) 

= X£(x) d^°\x) - X${x) d^°\x) (8.2) 

for a, (3 E g. The smallest truncation of the space yAi is now defined by Yang-Mills fields 
of the form 

A = (A^x) + cu^x) y a ) dx» + C a {x) dy a , (8.3) 
and the star-gauge transformation rules (|3.9|) are supplemented with 

5 a A, = 9/» + e^(a a ^ (1 - W/lfl V 0) ) 

= V/'-el^H. (8.4) 
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The noncommutative field strength tensor is then modified as 

•?>(0 = F^(x) +e6 Xa (u va (x) d x A„{x) - u m (x) d x A v {x)) + ^ ua (x) y a 

= V„A v {x) - V v Ap(x) + % va {x) y a , (8.5) 

where 

Fpv = dfj,A u - d v A^ (8.6) 

and the remaining components of Tab are as in ( ft. ICQ . 

It follows that the choice ( |8.1| ) of gauge functions induces a model of ordinary Maxwell 
electrodynamics for the photon field A^x) on R™ coupled to gravity. Note that the star- 
gauge invariance of the original Yang-Mills theory mixes up the U(l) internal symmetries 
with the spacetime symmetries, as is evident in the expressions ( |8.2[ ), ( ft.4[ ) and ( |8.5[ ). 
In particular, from ( |8.4j ) we see that the photon field A^ transforms covariantly under 
general coordinate transformations, while it is a vector under the local Lorentz group, 

5^A fl (x) = A;(x)A u (x) . (8.7) 

In this way one obtains a unified gauge theory which couples the gravitational theory that 
was studied in earlier sections to electrodynamics. Notice also that the photon field A^{x) 
does not couple to the scalar field 0(x), consistent with the fact that the scalar bosons 
are taken to be neutral under the extra abelian gauge symmetry. This generalization 
evidently also goes through if one starts from a noncommutative Yang-Mills theory with 
some non-abelian U(iV) gauge group. Then one obtains a sort of non-abelian model of 
gravity coupled to ordinary Yang-Mills theory. However, the star-gauge group of the 
simpler noncommutative electrodynamics contains all possible non-abelian unitary gauge 



groups in a very precise way [16|, |44| . It would be interesting then to extract the gravity- 
coupled Yang-Mills theory directly from a dimensionally reduced gauge theory of the 
form ( |2.14| ). There is therefore a wealth of gravitational theories that can be induced 
from noncommutative gauge theory, which in itself also seems to serve as the basis for a 
unified field theory of the fundamental forces. In all instances the type of theory that one 
obtains is dictated by the choice of reduced star-gauge group, i.e. the Lie algebra g, as 
well as the choice of weight functions W for the dimensional reduction. This illustrates 
the richness of the constraints of star-gauge invariance in noncommutative Yang-Mills 
theory. 



9 Conclusions 

In this paper we have described a particular class of dimensional reductions of noncommu- 
tative electrodynamics which induce dynamical models of spacetime geometry involving 
six free parameters. Two of these parameters can be fixed by requiring that the leading, 
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low-energy dynamics of the model be empirically equivalent to general relativity. The 
higher-order derivative corrections can be attributed to stringy corrections and non-local 
effects due to noncommutativity. The low-energy dynamics can be consistently decou- 
pled from the high-energy modes by an appropriate choice of parameters. These results 
show that a certain class of teleparallel gravity theories have a very natural origin in a 
noncommutative gauge theory whereby diffeomorphism invariance is solely a consequence 
of the star-gauge invariance of the Yang-Mills theory, in the same spirit as the usual 
gauge theories based on the translation group of flat space. Alternatively, the present 
construction sheds light on the manner in which noncommutative gauge theories on flat 
spacetime contain gravitation. We have also described how Yang-Mills theory on a non- 
commutative space naturally contains a gravitational coupling of ordinary gauge theories 
to the geometrical model studied in most of this paper. A real advantage of this point of 
view of inducing gravity from noncommutative gauge theory is that in the latter theory 
it is straightforward to construct gauge-invariant observables. These are constructed in 
terms of the open and closed Wilson line operators, which are non-local in character. It 
would be interesting to understand these observables from the point of view of the induced 
gravitational theory. 

It should be stressed that we have only presented a very simple model of dimensional 
reduction. More general reductions are possible and will induce different geometrical 
models. The present technique can be regarded as a systematic way to induce theories 
of gravitation starting only from the single, elementary principle of star-gauge invariance 
of noncommutative Yang-Mills theory. One extension would be to include a gauging 
of the full Poincare group of spacetime. This would cure the problem of local Lorentz 
invariance and potentially yield a theory of gravitation which is completely equivalent to 
general relativity. It should be possible to find such an extended noncommutative gauge 
theory whose dimensional reduction yields the appropriate model with manifest local 
Lorentz symmetry. After an appropriate gauge fixing, this model should then reduce to 
the theory analysed in this paper. 
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Appendix A Reduced Star Product Identities 



In this Appendix we collect, for convenience, a few formulas which were used to derive the 
equations given in the text. Let <d AB be as in (Q. We denote by G C°°(M™ x K£), 
k > 0, a function which is of degree k in the y coordinates, 

f (k) (0 = fa 1 - ak (x)y ai ---y ak , (A.i) 

where f ai ... ak (x) is completely symmetric in its indices, and = f(x) is independent 

of y. 

We then have the following reduced star-product identities: 



/ (0) *<7 (0) (0 = f(x)g(x) 



(A.2) 



/ (1) ^ {0) (0 
s (0) */ (1) (0 

/ ( W>(0 



g(x)f a (x)y a --9^f a (x)d fM g(x) , 
g( x )f a ( x ) y o + ±e» a f a (x)d,g(x) ; 



(A.3) 



- f a (x)(d^g b (x))] y b --9^9 vb {dJ a {x))(d,g b { X )) ! (A.4) 



; (1) ,/ (2) 1 (0 



29^(dM^)fa(x)fc(x)yV+(0 Xa dxg a (x))^f b (x)f c (x)y b y c 



+ 



dpd v (f b (x)f c (x)) + [d v f b {x))(d^f c {x] 







A a 



+ "—d x [2g a (x)f b (x)f c (x)y b y c 
-9^ c g a (x)(dJ b (x))(d ll f c (x) 
-6^ c (dMx))d,(f a (x)f c (x)) 
+ 9^ c g b (x)d IM d v (f a (x)f c (x] 
~9^ c g a (x)d,d I/ (f b (x)f c (x 



d» a (2f ac (x) d,g b (x) - g a (x) dj bc (x)) y b y c 
-9» a 9 vb 9 Xc (d„d„g c (x))(d x f a 



Tab{X i 



(A.5) 



(A.6) 
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